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Graph: everything is connected!

Graphs can model complex environments, and it can help people deeply
understand the patterns and mechanisms in the interconnections of all things
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Perspectives of graph learning
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Different theoretical perspectives can provide various inspirations to

graph learning.

Graph Theory Information Theory Graph Geometry
4
. central
_module 1 / Network
n\w&o'd'u‘ie 2 = \)J
- o ’"module 3 intermediate peripheral
( rich-club
B~
s-core
Statistical Characteristics Signal/Information Topological Properties
A

Acknowledgement from https://medium.com/@)jlcastrog99/spectral-graph-convolutions-c7241af4d8e2
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What is graph geometry?

Graph geometry is a mathematical tool that uses geometry to measure
various features of graphs.

- Classical Geometric Tools S ——
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Why do we need graph geometry? A:2025

Guangzhou Augus

Graph geometry provides geometrically intuitive mathematical tools for
measuring topological properties.
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Geometric perspective of GRL
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Geometric Space

Geometry-guided
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Geometric Properties
c}-‘;;?';;-}ru dferity - 6 r k—.ﬁ'-:-m
S

\ | A

= X Geo-GFMJ

J

Radius

J

o 2% Angle & Cone

N

J

N

Orientation

J

N

—[Q[\/Q Curvature]{

|
|
|
{
|

l

{
1JCAA2025

Guangzhou August 29-31

ACE-HGNN(ICDM 2022 Best Paper Candidate)
CurvGAN(WWW 2022)

GraphMoRE(AAAI 2025)
RiemannGFM(WWW 2025)
GalaxyWalker(CVPR 2025 Highlight Paper)

HyperIMBA(WWW 2023 Splotlight Paper)
PoinDP(AAAI 2024)

ConeE(NeurlPS 2021)
POINEZ(ECAI 2024)

HyerDiff(ICML 2024)

CurvGIB(AAAI 2025)
LSEnet(ICML 2024 Oral Paper)



l

_ ] _ _ . 1
Distortion in Geometric Perspective e A,m
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Definition (Embedding Distortion)X2l. Given a graph G with node set V, for
each node-pair (i, j) € Vthe embedding distortion D in the hyperbolic

embedding space H is defined as:

Embedding distance(hyperbolic) A e {
f{
N | _ 'rl:,"f-“ ,
Y Topological distancé‘~.f£}3‘""
Normalization (the shortest path)

Representation space

[1] Christopher S, Albert Gu, et al. Representation Tradeoffs for Hyperbolic Embeddings[C]. ICML 2018.
[2] Xingcheng Fu, et al. ACE-HGNN: Adaptive curvature exploration hyperbolic graph neural network[C], [CDM 2021, Best Paper Candidate.
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Riemannian geometry & graphs

Riemannian geometry provide a powerful and elegant mathematical
framework for studying graph deep learning.
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Gosztolai A, Arnaudon A. Unfolding the multiscale structure of networks with dynamical Ollivier-Ricci curvature[J]. Nature Communications, 2021, 12(1): 4561.
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There are two main types of graph curvature: the global Gaussian Curvature is used
to control the curvature of the space; The local discrete (Ricci) curvature is used to

reflect the topological properties of the edges

(a) Surface of Negative Curvature (b) Surfaée of Zero Curvature (c) Surface of Positive Curvature
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Ollivier-Ricci Curvature (d) Negative Curvature (e) Zero Curvature (f) Positive Curvature

NiCC,LinYY, Luo F, et al. Community detection on networks with Ricci flow[J]. Scientific reports, 2019, 9(1): 9984.
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The common non-Euclidean geometric graph neural networks mainly project the non-Euclidean space
representation onto the tangent space for GNN aggregation, and then project it back to the non-
Euclidean space.

Hyperbolic / Riemannian GNNs

There are mainly two options for space selection: (1) Heuristically estimating the curvature of the
space; (2) Using the product space of mixed positive, zero and negative.

——— HGNNI] . K-GNN [2] - Mixed-Curvature Bl

Tangent space H" —» R™ — H" Kk-Stereographic model st} Product space S™ x H"

i R,
3 K
o .. Estimate
Graph 2 2
Ring of Trees o H

L J L J U J

[1] Chami I, Ying Z, R¢ C, et al. Hyperbolic graph convolutional neural networks[C]. NeurIPS 2019.
[2] Bachmann G, Bécigneul G, Ganea O. Constant curvature graph convolutional networks[C]. ICML 2020.
[3] Gu A, Sala F, Gunel B, et al. Learning mixed-curvature representations in product spaces[C]. ICLR 2018.
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The graph structure in the real world is extremely complex and diverse.
Heuristically selecting the representation space will lead to distortion.

4 N )
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Challenges of embedded space
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Optimal space exploration

‘@- Adaptive Curvature Exploration for any downstream task

ACE-HGNN(hyperbolic) and ACE-GEO(Riemannian) adaptively preserves hierarchical and clique structure

for given any graph without any priori knowledge, which allows it to perform supremely across various

topology of graphs.
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Reward Paper: https://arxiv.org/pdf/2110.07888.pdf
;’ Downstican task | Code: https://github.com/RingBDStack/ACE-HGNN

Xingcheng Fu, et al. ACE-HGNN: Adaptive curvature exploration hyperbolic graph neural network[C], ICDM 2021, Best Paper Candidate.
Xingcheng Fu, et al. Adaptive Curvature Exploration Geometric Graph Neural Network[J], KAIS 2022, Best Paper Candidate Invitation Track
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@ Sampling robust representations by using Gaussian and Ricci curvatures.

Global-local curvature collaboration

CurvGAN can capture the underlying topology by estimate optimal curvature. It can directly generate fake

samples in Riemannian geometric space and refine by Ricci curvature, to obtain more robust representations.

Synthetic graphs Real-world graphs
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Positive samples & negative samples

Paositive and negative sampling

Paper: https://arxiv.org/abs/2203.01604
Code: https://github.com/RingBDStack/CurvGAN

Jianxin Li, Xingcheng Fu, et al. Curvature Graph Generative Adversarial NetworﬁétIC], WWW 2022.


https://github.com/RingBDStack/HyperDiff
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Graph mixture of Riemannian experts

@ Utilizing Riemannian experts to capture heterogeneous topologies

GraphMoRE construct personalized embedding spaces for nodes, and provide an alignment strategy to

calculate pairwise distances, to minimize the distortion of heterogeneous topologies.

: Diverse Riemannian Experts Mixture and Alignment of Experts
Input Graph §  -=-s-cescmeccmecnccncenccecnteae e e e ce e ea e eaa e e e s e e caa ey Y iy ' ittt e \ x = :
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Paper: https://arxiv.org/abs/2412.11085 Code: https://github.com/RingBDStack/GraphMoRE

Guo Z, Sun Q, Yuan H, X Fu, et al. GraphMoRE: Mitigating Topological Heterogeneity via Mixture of Riemannian Experts[C], AAAI 2025.
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-®- Modeling the structural vocabulary in the Riemannian spaces

Universal pre-trained model (RiemannGFM) on a novel product bundle where the structural vocabulary is

learned in Riemannian manifold, offering the shared structural knowledge for cross-domain transferability.

L Ks.t

Tangent Bundle Tangent Bundle
Product Bundle ; ;
P = (H © THE ) @ (SE © 7SE ), dp = 2y + 2ds,

+ The coordinate in the manifold p; € M contains the relative position in substructures;
+ The encoding in tangent space z; ¢ ‘7;,' M carries the information of global structure.

Table 1: Cross-domain transfer learning performance on Citeseer, Pubmed, GitHub and Airport datasets. Node classification
and link prediction results are reported. The best results are in boldfaced.

Node Classification Results Link Prediction Results
Method Citeseer Pubmed GitHub Airport Citeseer Pubmed GitHub Airport
ACC Ft ACC FIL ACC FI ACC FI | AUC AP  AUC AP  AUC AP AUC AP
GON 3] 7030 6856 7890 7753 8568 8434 5080 48.00 | 9070 9291 9116 8996 8748 8534 9237 9424
SAGE [13] 68.24 6760 TI87 7361 BS12 7136 4916 4757 | £7.29 8903 X7.02 8685 7943 8121 9217 9356
DGl |47] 7130 7102 7660 7652 5519 8410 50,10 4956 96.9%0 YT0% %839 8757 56,49 8661 92,50 Y163
GraphMAE2 [14] | 7340 7168 8110 79.78 523 8334 5234 4002 | 9275 8923 8946 8537 8711 8623 8823 9023
GCOPE [59] 6533 6234 7415 7453 K229 7289 4906 3640 | 8460 NE03 9084 8645 8216 8322 86,17 8491
OFA [21) 5832 6541 7440 7242 - - - 8262 8374 9226 9136 -
7 GraphAny [60] | 66.10 6301 7610 7012 7945 7749 4798 4688 - - - - - - -
c ()pcn(irnph[?i l] S858 7678 5840 56.49 .16 30.16 10.45 38,28 76.78 77355 70.02 7223 56,72 K742 85.92 H3.25
LLaGA 5] 5000 5691 7121 6338 5333 5407 3849 3089 | 8626 8335 8404 7648 7125 Y063 TI90 7430
RienannGFM 66,38 6641 7620 7583 8596 K557 5529 5327 | 99.40 9842 94.12 9164 89.18 9352 9368 96.07
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Li Sun, Z Huang, et al. RiemannGFM: Learning a graph foundation model from Riemannian geometry[C]. WWW 2025.
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Universe shape understanding

©- How to understanding the universe shape at galaxy-scale?

We proposed the geometry prompt that generates geometry tokens by random walks across diverse spaces

on a multi-scale physical graph for galaxy discovery!
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Paper: https://arxiv.org/pdf/2503.18578v1

Tianyu Chen, Xingcheng Fu, et al. Galaxy Walker: Geometry-aware VLMs For Galaxy-scale Understanding[C], CVPR. 2025, Highlight Paper.


https://arxiv.org/pdf/2503.18578v1
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HyerDiff(ICML 2024)

CurvGIB(AAAI 2025)
LSEnet(ICML 2024 Oral Paper)
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Radius of a node—its distance from the center—can powerfully reflect
its topological role in the graph. This provides a geometric lens for
understanding hierarchy and influence in complex networks.

A Publications Courses Jobs

Radius and topological roles

Edge node

Root / Core

Radius and role of node
Critical need skills mining!!! in hyperbolic space

[1] Borner K, et al. Skill discrepancies between research, education, and jobs reveal the critical need to supply soft skills for the data economy[J]. PNAS 2018.
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-@- New imbalance issue concept of graph with geometric perspective

This work explore the hierarchy-imbalance as a new topic for semi-supervised node classification

and propose a novel hyperbolic geometric training framework to deal with the imbalance issue

Quantity

Position Hierarchy « . .
Imbalance Imbalance Imbalance 'ﬁfﬂ. Yt '
. '5 b — [
" -"v._ -'i'» . 3( ".
Topology gl Y, &ts s Y s 4,
Space v e o7 -.__.l . \ /
: ‘s e o A
] .'.'.: J?-'- ':.’ .-.i:vi%oli' (a) locluh am space Poincaré disk Adjust margin o
- . $ ] b watee !
LY e, A WMo e W, o |
e Rl bt L L DL D D L D L L _‘ 1 J i
o - > - ; L 4 i
2 4 '-—.‘/ , ~ e,
Embedding y ‘ Il o — ;
Space ” Late ‘.}, Bm
(b) Overes q-hhllx Class-aware Rical Carvature \ur 111 ed (c)
Statistic Underfying R -
Characteristics Topology Structure property TA a3
Top-level ' o . * \‘, . Bottom-level
Bomom-a sampling o RS o .. sampling
(S-crder e — e S e
/ T T R / 3 Vcrarchy Hazarchy H Hier |||n t
3 E \ / t3) .4 A
Tep-laval - \ I" 'S ~ = 3 RN
B firdt Sorder fratiaeie | ; ' L4 SR . by
4 fractaks = < - f\ A/ . | ‘_;/ (] o f e 'y \
™~ % / = Nt A " t\ — { '\t_\" 1 ’Q\ k 7 \:" \ b-
i o SR 3 o™ oo g 247 . t/ I b
g0% ge%s3 = ouu* A Fu0 "% e 1929
e ofe B e 2 n & ‘r;’(‘ }'.‘-ﬁ‘
JRS 00 . ~ % S ¥l ~ 0
AR 0 AL S X 5 ( More compact and 4 i a“{\d {a .",; 2 DifTase shapes
RO '.: oot produce a large 7,%.3’ f ‘_‘.‘*3/.‘ A ‘.—-0\ ~~.jﬁi"~f N ‘&\, % and wider
| S o S h ) " .
Three communities of HNM with the same Top-level Middle-leve Botvom-bevel number of false L~ J"‘ ,b T boundaries, and
hierarchical strecture and are evenly distributed GON ReNode ReNodet TAM 2555 TlyperIMBA positive = L o N
in three divections of the graph.

more conflicts,
- HypetMBA

Paper: https://arxiv.org/abs/2304.05059 Code: https://qithub. com/quBDStack/vaerIMBA

Xingcheng Fu, et al. Hyperbolic Geometric Graph Representation Learning for Hierarchy-imbalance Node Classification. WWW 2023 Spotlight


https://arxiv.org/abs/2304.05059
https://github.com/RingBDStack/HyperIMBA
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@ -Different topological roles result in more personalized privacy requirements.

Hierarchy-aware privacy protection

We proposed a Hyperbolic Differential Privacy method, it provides much more fine-grained and personalized

privacy protection for users.

Visualization: PoinDP shows excellent ability to capture inter- and intra-hierarchy information
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Yuecen Wei, Haonan Yuan, Xingcheng Fu, et al. Poincar¢ Differentially Private for Hierarchy-aware Graph Embedding. AAAI 2024.

Paper: https://arxiv.org/abs/2312.12183

Cumulative Error

Code: https://github.com/RingBDStack/PoinDP




Geometry of causality in physics

“Fate lies within the light cone.” Vet N RIS,

— Liu Cixin, The Dark Forest

Minkowski spacetime: taking time to be an
imaginary fourth spacetime coordinate ict, where
c 1s the speed of light and i is the imaginary unit.

..................

z? + y2 + 2° + ict = const.

Special relativity (Albert Einstein in 1905)

Light cone and causal structure: Vector fields
are called timelike, spacelike or null if the
associated vectors are timelike, spacelike or null
at each point where the field 1s defined.

time (years)

I
., o%me

T

e @
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Directed graph in Euclidean space and Minkowski spacetimel!!

[1] Sim A, Wiatrak M L, Brayne A, et al. Directed graph embeddings in pseudo-riemannian manifolds[C]. ICML 2021.
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In the geometric perspective, transitive relation of directed acyclic
graph (DAG) induces special “light cones” in the embedding space.

Angle and cone of DAG modeling

Ancestors = Upper cone

Descendants = Lower cone dyx,y) +1,—r, <0

Flat cones!!] Hyperbolic entailment cones!?!

[1] Suzuki R, Takahama R, Onoda S. Hyperbolic disk embeddings for directed acyclic graphs[C]. ICML 2019.
[2] Ganea, O.E., Becigneul, G., and Hofmann, T. Hyperbolic Entailment Cones for Learning Hierarchical Embeddings. ICML 2018.



Modeling knowledge hierarchies
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@ Using restricted rotation transformation to model hierarchical relations

ConE (Cone Embedding for knowledge graphs), the first knowledge graph (

KG) embedding method that

can capture the transitive closure properties of heterogeneous hierarchical relations as well as other non-

hierarchical properties.

Rotation

Non-hierarchical relation
- derivationally related form
- sister term

Hypernym relation
- partOf

(a) Multiple heterogeneous hierarchies in knowledge
graph.

(b) Hyperbolic entailment cones in 2D hyper-
bolic plane for K = 0.1.

Restricted rotation

Relation-specific subspace _,I
for hierarchical relation r

»

(a) Cone rotation

f)

(b) Restricted cone rotation

Bai Y, Ying Z, Ren H, et al. Modeling heterogeneous hierarchies with relation-specific hyperbolic cones[C]. NeurIPS, 2021.



Hyperbolic cone for reasoning
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@ Hyperbolic geometric-based query embedding to handle hierarchies

POINE? maps entities and queries as geometric shapes on a Cartesian product space of Poincaré ball spaces,

it leaverage the Poincar¢ radius to represent the different levels of the hierarchy, and the aperture of the angle

to indicate semantic differences at the same level of the hierarchy.

Introduction & Motivation

Reasoning complex logical queries on incomplete and massive
knowledge graphs (KGs)] remains a significant challenge. v'
1. How to model entity set and logical operator L B " 3
i can na[umllv represent answer Porn (Mmind Roagdoan] + Wim (Bobal Frise g3 Litaratere o) A Settele s
sets of queries and model log-(al operations among those sets ?
2. How to presarve hierarchical structure of reasoning g -
Most existing geometric-based embedding methods have difficulty v Vetre
leveraging hierarchical information of complex guery structure B s
Query Embedding Logical Operators
v Poincaré radius to characterize the different levels ¥ Projection Operator
of the hierarchy Perform relational projection from one query embedding to anather
¥ Aperture to capture the semantic differences query embedding
within the same level of the hierarchy, Vi=J[IMLP{rc or(; 8.+ 00, + 8, +00))
¥ Intersection Operator
5 ("; 0“ 9") Produce an intersection embedding that represents the intersection

of N inpu! conjunctive queries

> [rs /8| = mixl fro/0.)]
- _S«c = |n-,""m Vol

. p Iﬂlrlt )] = | Dwpsondver | | fr, 0|
e — ¥ Union Operator
> o - u‘ Use the embeddings of the conjunctive queries to represent the
— disjunction embedding
s Do el ¥ Negation Qperator ‘
e - J Perform the difference operation between the entire space and the
by bl sevpania Mave devel senmnis

reglon indicated by input query embedding

DOinitialize query embedding via the embedding of anchor entities

n e &S -
I < I ’ -:. ' “w I - G O Compute query embedding progressively using logical operators
r 7 v w -

O Train or Predict by the distance-based similarity function

e maf W B [o _.! We divide the overall distance into inter-distance and intra-distance,
» : ‘ which respectively denote inter-level distance and intra-level distance
Compher Gaerien Tangr vt Unory Coopnineme rmh ey St
T eivdding T

Tabde R Statistics of eery sirsctures. For the trising set, ‘GIFO Table 2 MRR revelts (%) om FB 1Sk, FE15k-237, NELL. snd WNIIRR. Avg , means e inerape MRR perfoemance of EPFO queries, which

query vntares contain 1 29 B 20, v, amil Outhet” qaery st osly cortaite 2 A and VAYE , inests e average MRR perforrtance of hgical queres with negation | -
s COmMME 26, Sim, b 3ovd, i -
Rsesaci i ot oo Detmel s Ava. M Ip B % U N % M In w lis S0 wmp g g
Detases Tesdn ol 232 NA 9 155 1) 01 24 S w4 23 1T NA NA  NA NMA N
Qe C NA L' 7 N 3 X S DN LY Wi 280 M B0 16T N NA ONIA N NA
™ [
e N0 e Y Lk Conl W3 WNT TIN 30 XS AT TED M2 49K A4 09 IR0 TR 128 Ak 1)
PRI T 237 Pomkd A9 154 T W2 RR M TES 404 SAT 3 Jel 190 KRS 134 W2 ISR
Flskaew uu)n 48 0 ———— —_— —— e e — e ———r — -
NELL 107882 WM 169 u;t 163 NA nu ‘: LA pil | Me ins L4 7 NA A NiA \ A XA
WNISR 4™ LRE A s ‘Jl 20 NA an ua “ > (WA 114 N3 1na ) NA NA NiA NA NA
15KR PNTTRIT
A % Conk 234 40 18] [ "nn s 473 140 55 45 s 4 Ko 14 a0 s
Mo M ar QX B OILT O MA e 187 T O MA s M) e - 4 1
N (L1 NA 2 e A s 382 44 (¥ s X NA NA NiA A NA
NELL 0B 29 NA &3 M6 Nzx 13 34‘ 163 224 13 03 A N XA N NA
Comt NI A4 AL My 19 40 0K 118 M) Y ) ) K1 08 53 149
?' i Ma L) ﬂ!l l" l 15A 4L S19 N5 M 164 1Y 82 L5 1L 39 JJ
(ul 145 NA 2 | s 5 8 oo 148 1A 31 an NA NA NiA A \«
2 ' - 4 1 0 1 2 i ] g &
WNISRK in 2 NA PAR | S J L) unn 1} 4 “1 1 NiA NA NiA NA NA

Conk M6 23S 84 194 1AV A3 M4 BA 71 105 M 35 4Te A9 92 |83
POt MR 3D SIX ALY IR A5 KL 30 ST 1Y IAY 1301 %0 a0 vd s

Paper: https://core.ac.uk/download/pdf/591452439.pdf

J Liu, Q Mao, J Li, X Fu, et al. POINE? : Improving Poincaré Embeddings for Hierarchy-Aware Complex Query Reasoning over Knowledge Graphs[C], ECAI 2023.
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Orientation and anisotropic of graph

Graph structure is non-Euclidean (irregular), it exhibits significant
directional bias and anisotropy both in the discrete topology and the
embedding space. Therefore, the geometric property of the graph
orientation is important to capture the ground-truth structure.

| ¢ =1 @Y t=5CY H () avy @ \\- max s lab | g |
| I T - I i R 7 ﬂ 0.06 pl 0 0.4
AAAAAA AT~ AA L!‘I/‘ N o N \rl/\‘/—‘ A 04 n
T I =k M 02 * w :
e 4 ) 0 0.00 0.0 0.0
t=0.020) O dx; :oi ) 02 5
\ ; I ‘--I-\. N\ ,'I\ A
A A A ) _\(—‘,«_,’\ﬁ )
s i B H 0.06 U
() ) min
2 2
(a) Diffusion for different times ¢ (b) Anisotropic filters: av, and dx
(a) CIFAR-10 (b) Amazon-Photo (c) IMDB-M
Anisotorpic message propagation on graph topology!!] Anisotorpic distribution of graphs on latent spacel?!

[1] Elhag A A A, Corso G, Stark H, et al. Graph anisotropic diffusion for molecules[C]. ICLR 2022.
[2] Yang R, Yang Y, Zhou F, et al. Directional diffusion models for graph representation learning[C]. NeurIPS 2023.
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Hyperbolic graph diffusion

@ Lower-distortion and High-Efficiency Topology Generation

Hyperbolic geometry provides better priors for topological properties of graphs with non-Euclidean
structure. Anisotropic diffusion provides better and more fine-grained structure details for graph structure

generation. Our model has low computational complexity and GPU occupancy.

...Q),'g
PR s P9 ‘}j-'g' Radial & Angular Constraints:
o.%’ .... ; * ': .. Vit "_‘_;'~' ".: :‘o Angular Misture Gaussian Distributions
e e o g R s SRR
. ' N . . - ..
O‘oﬁ . ..'0 4 ?ip’hh
() Original structure, (b) Euclidean latent space., (¢) Hyperbolic latent space.
A 2 Geometric Constrains ( Hyperbolic Geometric Latent Diffusion Process )
: § Radial Constraints t=0 - - sa, =T i i i
3 s ek T ) Y o A Angle constraints controls Radial constraints preserve
- C>§ : CEf . e T L the noise direction: the geometric prior:
F N B i P AN 4 % @ 2 N e fcA
'~ ) . L’ A i - T A . : ant [ . o v&~to,
G = P2y sgn(logmapg (h,))¢ dtanh(——)x,
) g | G o T To,”
& : E Angular Constraint e? ";.' “:’" »: .“: "“" ::.ﬂ‘ ‘: 2 3 — - - '_k l ]
“ : - ‘;c , Tl 5 “-‘:' T Ty = \/(_1,.1‘(. + V1 — ajzl4 L) tanln[\/'(v\f_,f/T.,]J'(,]
1 | Far Wy Wt ROF
. E b . 1
¢ : Inverse Process ) Paper: https://arxiv.org/pdf/2405.03188
HyperDiff Architecture Code: https://github.com/RingBDStack/HyperDiff

Xingcheng Fu, Yisen Gao, et al. Hyperbolic Geometric Latent Diffusion Model for Graph Generation [C], ICML 2024.


https://arxiv.org/pdf/2405.03188
https://github.com/RingBDStack/HyperDiff
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Geometric intuition of GNNs

Graph geometry can provide a powerful geometrically intuitive
mathematical tools for underlying mechanism understanding of GNNs.

. o g ®—o
@ o > ® _©0.9
slu.v) >0 . .
H (a) Violet cdgc_s connecting
H N4 () and AL\ (1) serve
O as information pathways,
.;- “I_'" ‘
.0—0‘ @ ®
s{u.v) =10 \ ._" ,,
®__©O L =Hu} @
. "' . ' 'I‘ . ." . . "' \'
o — (@ o o

/T TN\
.‘ "I . . l". (b) Edges may exacerbate the

‘ situation by creating new bot-
w{u,v) <0 tlenecks.

Over-squashing problem of MPNNsl! Understanding of Over-smoothing and Over-squashingl?]

[1] Topping J, Di Giovanni F, Chamberlain B P, et al. Understanding over-squashing and bottlenecks on graphs via curvature[C]. ICLR 2022.
[2] Nguyen K, Hieu N M, Nguyen V D, et al. Revisiting over-smoothing and over-squashing using ollivier-ricci curvature[C]. ICML, 2023.



Curvature information bottleneck

@ Comparison between Information Theory and Graph Geometry
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IB-based methods only focuses on finding task-relevant information, and lacks a unified perspective to

comprehensively understand the underlying task-relevant optimal transport structures in GNNS.

'

Original Graph
G(X.A)

Continuous
Manifold

Discrete
Structure

~

Heuristics 1( Task-driven
(x — A) (¥ -=6")

SDRF, ICLR 2022 VIB-GSL, AAAI 2022 |

\ J
CORA-Origind CORA-BORYF CORA-CurvGIR
o
o Ly
"W . R
D i @y |
Sony + W Teag’ 3|
£ — 1 - —_—
: — oy T : —Cv—
- -t 2 s
Curvulare { {
(a) Original (b) BORF (ICML"23) () CurvGIB(Ours)

Xingcheng Fu, Jian Wang, et al. Discrete Curvature Graph Information Bottleneck[C], AAAI 2025.

Task-driven
(Y=Kx—=G")

Ours(CurvGIB)

CORA-VIR

o Sepsdt4

B -

-

Ly -
0 .

v L 0 3

—_—

Curysture

(d) VIB-GSL (AAAI'22)

.. Optimal Transport

',3‘.' A §i
=N\ \\ f-i;" 7N g 1Y
@—@)--L—

\

{Compression

" Transport Structure

& argmin[-I(Z | 5 Y) +[SI(Z | x; X)),

IB-Curvature

Definition (Curvature Graph Information Bottleneck)
Zp, K1p = arg Hzlil'l CurvGIB(X,Y,Z, k)

Paper: https://arxiv.org/pdf/2412.19993

Code: https://github.com/RingBDStack/CurvGIB
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Continuous structural entropy
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@ Generalizing the classic theory to the continuous realm

It present the Differentiable Structural Information (DSI), generalizing the classic theory to the continuous

realm. DSI emerges as a new graph clustering objective, not requiring the cluster number.

+ Q1: We propose a new formulation of structural information (Li & Pan, 2016),

providing a continuous relaxation to the differentiable realm.

Ny, )
Y . A 1 h W oM Vi
H (G h)=— v Zl‘k B Z .\," Sy ) logs \f,-.)'v i

k

Defined on S which is given by the level-wise assignment, a real number in [0,1
g ! :

Level-wise Assignment
The probability of the i-th node of T at the h-th level being the parent node
of j-th node at (h-1)-th level.

Theorem: Equivalence
The proposed formulation with the level-wise assignment is equivalent to
the formulation of Li & Pan, 2016.

+ Q2: We establish the connection between structural information and graph
clustering theoretically.

Theorem: Connection

Given a graph G, the normalized H-structural entropy of G is proved to be
the upper bound of the graph conductance, with the property of Additivity.

Additivity ‘ )
’ H Ny V-1 (vi. rh
Ty o . : e Ly — A / ol d .t IR | '
The I-dimensional case H' () E E 7 E| ‘_‘,‘_ T lke=1....,Ny )

hel j=1

@ Input Graph \ ]
e o p— Diffeceatisl \ /
@ o 2 | ~ Structural A
P o ® | Ilr;:;f:: |- N e Information
i L B el Optimize o=
LS -
& ® P
'
» ¢ ¢ 4 N
< 9 ~
e © f A
® o o ® {Decods e N
® 1 \
o o® b o
Clustenng Resuss o T 9 Hyperbolic Parttoning Tree v
Cora | Citeseer Football | Karate
NMI ARI NMI ARI NMI ARI NMI AR
CSE 8240w 59364007 | 4702400 4567408 | 79235002 50610 | B1924i0m  69.7710m
LSEnet 625710m 6180400 @ 4935400 46904117 BO3Tarm 54 7240m | S21941a T0O31a0m
Performance Galn 1.75 244 2.2 .24 L4 0.66 0.27 0.54

Comparison between the classic structural entropy (CSE) and the proposed LSEnet,

A

N =88 % | 5

o.d © )

Visualization of Karate, Football and Cora in the corresponding Poincare discs,

Li Sun, Z Huang, H Peng, et al. LSEnet: Lorentz structural entropy neural network for deep graph clustering[C]. ICML, 2024, Oral Paper.
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